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Abstract
The subject of the manuscript is the development of a fundamental physical model for differentiation of healthy blood cells to leukemic ones. Their main result is that 
the approach utilizing the Ginzburg--Landau chain and the Fermi-Pasta-Ulam (FPU) recurrence concept helps to describe the mechanism of transition of healthy 
blood cells into leukemic ones. The development of leukemia in the framework of the model is described as (1) a decrease of the attractor dimension in the model 
of the differentiation in blood cells (described by a Ginzburg--Landau chain) and (2) a transition from the cycle of complex attractors in the sequence of basic cell 
differentiation states into the cycle of simple attractors or simple FPU recurrences of leukemic (tumor) cell differentiation.
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Introduction
Some researches assume that initiation of tumor processes is 

connected with disruption of cell differentiation [1]. This process is 
often considered as a cell specialization: a differentiated cell has got some 
functions common for many cells. So the problem of differentiation in 
reality represents a problem a different genes activity [2,3]. However, 
the mechanisms of ones genes activation and suppression of the others 
are not completely known. 

In connection with this interpretation of physical mechanism of 
one of the most demonstrative tumor processes - acute leukemia, the 
origin of leukemia cells from healthy blood cells requires a fundamental 
approach within the framework of dynamical systems. Found in vitro 
conditions oscillations of absolute concentrations of normal (healthy) 
and tumor (leukemic cells) [4] allowed to put forward a hypothesis of 
the physical mechanism of cell differentiation.

Materials and methods
200 ml blood probes of 20 healthy donors and of 20 patients 

with acute lymphoblastic leukemia were kept in a thermostat for 10 
hours. Every 15 minutes the blood from the probes was taken for 
analysis of concentrations of normal (healthy) and tumor (leukemic 
cells) in 1 cubic mm [4]. Then the point meanings of concentrations 
were approximated by oscillatory functions. The typical curves of the 
concentrations of oscillations of polymorphonuclear neutrophils, 
lymphocytes, and tumor (leukemic) are presented in Figure 1 and 2.

Mathematical model of cell differentiation

A previous paper by our group [4] suggested a mathematical model 
of concentration oscillations of polymorphonuclear neutrophils, 
lymphocytes, and tumor (leukemic) cells in the in vitro the blood of 
healthy donors and acute-leukemia patients. This model allowed one to 

describe experimental data. At the same time, the interpretation of the 
physical mechanism of the leukemia development from healthy blood 
cells calls for a fundamental approach based on dynamical systems. In 
an effort to develop a fundamental physical model for differentiation 
of healthy blood cells to leukemic ones, we considered the following 
hypothesis. Gaponov, et al. [5] showed that a nonlinear interaction 

Figure 1. Typical curves of the concentrations oscillations of polymorpho nuclear 
neutrophils and lymphocytes in the blood of healthy donors. The ordinate is the cell 
concentration.



Berezin AA (2017) Fermi-Pasta-Ulam recurrence and coupled discrete Ginzburg-Landau chains in the description of various in vitro states of cell differentiation in 
the blood of healthy donors and acute-leukemia patients

 Volume 2(2): 2-4Health Edu Care, 2017         doi: 10.15761/HEC.1000112

of the collective and the local oscillations in a chain of sequentially 
coupled self-excited Van der Pol type oscillators (described by a 
discrete chain of the Ginzburg--Landau equations) may result in the 
establishment of stochastic self-oscillations in the system. A transform 
of these oscillations is a strange attractor. That corresponds to the 
complex FPU recurrence [6] which represents a return the picture 
of the spectrum the system perturbations to its original form. On the 
other hand, Yudovich [7] showed that the Van der Pol equation with a 
time lag can by a change of variables be reduced to the Lorentz system 
[8]. The given above allows one to consider the Ginzburg--Landau 
chain as a chain of coupled attractors in the space of time lags and 
eigenfrequences of the self-excited oscillators of the chain. Assume that 
various types of blood cells are represented as a dynamical sequence of 
transitions between different attractors or FPU recurrences in the space 
of blood cell differentiation times kzyx TTTT ,,, ; the eigenfrequencies 

,, 21 ωω  of the cell concentration oscillations; and the frequencies 
43 ,ωω  of mechanical oscillations in a DNA molecule in the framework 

of the discrete Ginzburg-Landau chain [2] subjected to an external 
noise simulating a thermal effect of a surrounding solution on the cells. 
In this case, the model of differential activity of genes is reduced to 
maintaining the corresponding number of the blood cell differentiation 
states observed in experiment; that is, to a certain dimension of the 
attractor in the dynamical system. In addition, there exist both the 
direct and inverse blood cell differentiation cycles. The scheme of these 
cycles is as follows. In the direct cycle, a polymorphonuclear neutrophil 
differentiates to a band neutrophil and then to a small lymphocyte. The 
latter again differentiates to the polymorphonuclear neutrophil via 
the stage of band neutrophil. The inverse cycle proceeds somewhat 
differently. A lymphocyte differentiates to a monocyte and then to a 
polymorphonuclear neutrophil. The latter again differentiates to the 
lymphocyte via the stage of monocyte. These sequences of blood cell 
differentiation were experimentally obtained by Makarov [9]. The 
direct and inverse cycles of blood cell differentiation were described 
in our model with the aid of two parametrically coupled Ginzburg-
Landau chains consisting of five sequentially coupled self-excited Van 
der Pol type oscillators (according to the number of experimentally 
observed blood cell differentiation states)
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where jj ba ,  are Fourier spectra corresponding to various states of 
differentiation of polymorphonuclear neutrophils and lymphocytes, 
respectively; ,, 21 ωω are initial frequencies of the blood cell 
concentration oscillations (these frequencies correspond to the initial 
differentiation states in the first and second cycles); j=1,2,...5 is the 
number of differentiation states in the first and the second cycles; and 
γδ ,  are coefficients of nonlinearity and of parametric interaction of 

the cycles, respectively. The function F1  describes a Poisson random 
process simulating stochastic oscillations in blood plasma proteins; the 
probability that one or several jumps of the concentration will occur 
within the time interval (t,t+h) is

)exp(1)( hhPj λ−−=                      (2)

Here λ is a constant and the function F2 describes a Gaussian 
random process (with a probability density p(y)) simulating thermal 
fluctuations of protein mobility in the solution
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where µ and 2σ  are the averaged value and the variance of the quantity 
y. The functions F1 and F2 were realized with the aid of standard 
program operators. The coefficients c1 and F1 were varied from 0 to 
0.1. The F1 and F2 functions are taken to be independent of jj ba , . A 
numerical study of system (1) showed that a beating chaos mode (or a 
complex Fermi--Pasta--Ulam (FPU) recurrence) is stabilized in such 

a chain in a wide range of frequencies 21 ,ωω  (from 
1

2

ω
ω

 =2 to 
1

2

ω
ω

=10) and amplitudes of the external random forces 
21 , FF  ( 1c  and 

2c  were varied from 0 to 0.4). Comparison of the initial (a and b) and 
final (e and f) cycles in the model of in vitro blood cell differentiation 
suggests a conclusion that the mode of reversible transition between 
the attractors (or different Fourier spectra) takes place in the dynamics 
of both chains (Figure 3-6).

Figure 5 shows the computer-simulated dynamics of beating 
between the Fourier spectra reflecting the differentiation states of 
polymorphonuclear neutrophils (PN) and lymphocytes (L) under in 
vitro conditions. As is evident from the plots in Figure 5, the phases 
of the oscillations are stable and exhibit practically no drift (just as in 
experiment [4]). If the number of the chain equations is diminished 
by one, the simulation of beating between the Fourier spectra (Figure 
6) reflecting the differentiation states of lymphocytes (L) and tumor 
cells (TC) in vitro shows a drift of the concentration oscillation phases 
(Figure 6) (in agreement with the experimental data [4]).

Discussion
As a result of computer study of the model it was shown that the 

model curves (Figure 5 and 6) proved to be close to experimental ones 
(Figure 1 and 2).

Thus, the simulation of beating between the Fourier spectra 
reflecting the differentiation states of (1) polymorphonuclear 
neutrophils and lymphocytes in the blood of healthy donors and (2) 
lymphocytes and tumor cells in the blood of acute-leukemia patients 
under in vitro conditions in the framework of the dynamics of coupled 
discrete Ginzburg--Landau chains showed that different blood cell 
differentiation states can be interpreted as attractors in the space of 
durations of cell differentiation process and eigenfrequencies of the 
blood cell concentration oscillations and the mechanical oscillations 
in the DNA molecule (between which the reversible transition or 

Figure 2. Typical curves of the concentrations oscillations of lymphocytes and tumor 
(leukemic) in the blood of patients with acute lymphoblastic leukemia. The ordinate is the 
cell concentration.
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FPU recurrence occurs). The revealed property can be attributed to a 
hypothetical mechanism of activation of some genes in a DNA molecule 
and repression of the others. In the context of the results obtained in 
the first model [4], this mechanism represents a permanent external 
structuration of the blood cell differentiation attractors due to the 
introduction of the FPU recurrence spectra (occurring in the dynamics 
of mechanical oscillations in the DNA molecule) into these attractors. 
The number of possible scenarios of the dynamics of this system 
corresponds to the number of stable states of blood cell differentiation 
(or the number of attractors). Within the model of coupled Ginzburg--
Landau chains, the development of leukemia is described as a decrease 
in the dimension of in vitro blood cell differentiation attractors. This 
decrease is due to genetic variations in the blood cells and brings 
about the transition from the cycle of complex attractors (or FPU 
recurrences) of differentiation states (i.e., healthy cells) to the cycle of 
simple attractors of differentiation states (describing the populations 
of tumor (leukemic) cells). As was shown in the first model [4], the 
reason for the decrease of the attractor dimension is the change in the 
vibrational parameters of the DNA molecule because of the violation 
of the molecular structure or molecular fragmentation (invasion of a 
virus, radiation injury, and incorporation of carcinogenic substances 
into the molecule). For the sake of simplicity, the effect of these changes 
in the DNA molecule was, in the model involving coupled Ginzburg-
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Figure 3. Spectra of the concentration oscillations corresponding to different successive 
steps of blood cell differentiation under in vitro conditions for healthy donors. The spectra 
demonstrate a reversible transition or FPU recurrence between basic complex attractors 
interpreted as different states of healthy cell differentiation. Fourier transforms of complex 
attractors (which have pedestals, unlike the lines of ordinary oscillations) correspond to 
(a, b) polymorphonuclear neutrophils and lymphocytes in the first and the second cycles, 
(c, d) lymphocytes and neutrophils in the middle of both cycles, and (e, f) neutrophils and 
lymphocytes at the end of both cycles.
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Figure 4. Spectra of the concentration oscillations corresponding to different successive 
steps of blood cell differentiation under in vitro conditions for acute-leukemia patients. 
The spectra demonstrate a reversible transition or FPU recurrence between basic (a, 
c, e) complex and (b, d, f) simple attractors interpreted as different states of the healthy 
(lymphocytes) and the leukemic (tumor) cell differentiation. Fourier transforms of simple 
attractors have a split pedestal (in contrast to a continuous pedestal for complex attractors) 
and correspond to (a, b) lymphocytes and tumor cells in the first and the second cycles, 
(c, d) neutrophils and tumor cells in the middle of both cycles, and (e, f) lymphocytes and 
tumor cells at the end of both cycles.

Figure 5. Simulated oscillations in concentrations of polymorphonuclear neutrophils (PN) 
and lymphocytes (L) in the in vitro blood of healthy donors in the framework of coupled 
discrete Ginzburg--Landau chains. The ordinate is the cell concentration .Units conditional.

Figure 6. Simulated oscillations in concentrations of lymphocytes (L) and tumor cells (TC) 
in the {\em in vitro} blood of acute-leukemia patients in the framework of coupled discrete 
Ginzburg--Landau chains. The ordinate is the cell concentration. Units conditional.
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-Landau equations, reduced to a decrease in the chain dimension 
(because these changes were simulated in the first model). The results 
of the simulation agreed qualitatively with the experimental data 
obtained.

Thus, the fundamental approach utilizing the Ginzburg-Landau 
chain and the FPU recurrence concept allowed us to describe the 
mechanism of transition of healthy blood cells into leukemic ones in 
terms of a decrease of the attractor dimension or the FPU recurrence 
complexity in a dynamical system. This is a qualitatively new result, 
which was not evident in the initial mathematical simulation of the 
experimental data [4].
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